Abstract. New nonlattice sphere packings in dimensions 20, 22, and 44-47 that are denser than the best previously known sphere packings were recently discovered. We extend these results, showing that the density of many sphere packings in dimensions just below a power of 2 can be doubled using orthogonal binary codes. This produces new dense sphere packings in R n for n = 25, 26, . . . , 31 and 55, 56, . . . , 63. For n = 27, 28, 29, 30 the resulting packings are denser than any packing previously known.
Introduction
The problem of constructing dense arrangements of nonoverlapping spheres in the n-dimensional Euclidean space R n dates back to the work of Newton and Gauss [11] , and was mentioned by Hilbert [12] on his epochal list of open problems in mathematics. In the study of sphere packings in R n , a particular effort has been devoted to low dimensions. The laminated lattices [5, pp. 157-180] were until recently the densest packings known in dimensions n ≤ 29, except for n = 10, 11, 12, 13. For n = 12 the Coxeter-Todd [7] lattice K 12 is the densest known packing. For n = 10, 11, 13 nonlattice packings denser than the laminated sequence were found by Leech and Sloane [17, 18] in 1970, using constructions from nonlinear binary codes. Notwithstanding the vast body of research on dense sphere packings in recent years, see Conway and Sloane [5] and references therein, no new sphere packings in dimensions n ≤ 29 that are denser than the already known ones, were reported in the following 25 years.
In a recent work [24] , we have described a 20-dimensional nonlattice packing J 20 which is denser than any packing in R 20 previously known. This packing was originally obtained through a new density-doubling technique based on the use of two orthogonal binary codes. Subsequently, Conway and Sloane [6] have recast the construction of [24] as the first case of the antipode construction for sphere packings, similar to the anticode construction for error-correcting codes [20, p. 548] . This led them to the discovery [6] of new packings in dimensions 22 and 44-47 that are denser than previously known.
Since the preprints of [6, 24] became available about three years ago, a substantial effort has been devoted to the search for additional record-density antipode sphere packings. However, so far, all the attempts at extending the antipode construction √ 3/2 22 = 0.6584.. 1 , whereas the new packing J 30 has center density 1.
We note that some of the other packings constructed herein are also quite dense, although they are slightly less dense than the existing records in the corresponding dimensions.
Finally, we point out that Bierbrauer and Edel [4] have very recently constructed a new sphere packing in dimension n = 18 with center density 3 9 /2 18 = 0.07508.., which is denser than the previously best known packing Λ 18 , whose center density is √ 3/24 = 0.07217... The methods used in [4] are similar to those of [24] and the constructions described herein.
The rest of this paper is organized as follows. In the next section we review the density-doubling construction of [24] and show that it extends beyond 24 dimensions. In Section 3, we apply this construction to sphere packings in dimensions n ≤ 31. The results rely on our analysis of the duals of certain double-circulant binary codes of Karlin [13] . In Section 4, we consider sphere packings in dimensions n ≤ 63. We conclude in Section 5 with a new table of the densest known sphere packings in dimensions n = 1, 2, . . . , 48.
Density doubling and orthogonal binary codes
We start with some notation, as in [24] , included here for completeness. Let S be an open n-dimensional sphere of radius ρ. An infinite set Λ of vectors x 1 , x 2 , . . . in R n is a sphere packing if the translates x 1 + S, x 2 + S, . . . are pairwise disjoint. It is a lattice packing if the vectors x 1 , x 2 , . . . form a group under addition in R n .
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W.l.o.g. it is assumed that 2ρ is the minimum distance between two points of Λ. Then the density of Λ is the fraction of the space covered by the spheres, and the center density δ(Λ) is the density divided by V n = π n/2 /Γ( 1 / 2 n + 1), which is the volume of a unit sphere in R n . The integer lattice Z n consists of all the vectors in R n with integer coordinates. The volume of a packing Λ, denoted V (Λ), is defined as the ratio of the number of points of Z n to the number of points of Λ contained in a sphere of radius R, in the limit as R → ∞ (provided the limit exists). We let µ(Λ) = 4ρ
2 . The center density may then be found via δ(Λ) = µ(Λ) n/2 /2 n V (Λ). The set of binary n-tuples is denoted F n 2 . For x, y ∈ F n 2 , the Hamming distance d(x, y) is the number of positions where x and y differ. The Hamming weight of x ∈ F n 2 is given by wt(x) = d(x, 0), where 0 denotes the all-zero n-tuple. The all-one n-tuple is denoted 1.
code is a subspace of F n 2 of dimension k and minimum distance d. Two codes C 1 and C 2 are said to be orthogonal if (x, y) = 0 for all x ∈ C 1 and y ∈ C 2 , where (·, ·) stands for the inner product in F n 2 . The subspace of F n 2 consisting of all the vectors that are orthogonal to a code C is the dual code of C, denoted C ⊥ . We shall make use of the coordinate array of a point x = (x 1 , . . . , x n ) ∈ Z n , as defined by Leech and Sloane [18] . The coordinate array of x is obtained by writing the binary expressions of the coordinates x i in columns, using complementary notation for the negative integers. The first, second, third, . . . rows of the coordinate array are called the 1's, 2's, 4's, . . . rows respectively. Given a finite sequence of binary codes C 0 , C 1 , . . . , C m−1 , consider a packing Λ consisting of all the points x ∈ Z n which satisfy the following property: the 2 i -s row in the coordinate array of x is a codeword of C i for i = 0, 1, . . . , m − 1. We shall use the notation
to describe such a packing. The expression in (1) is similar to Construction C of Leech and Sloane [18] . We shall refer to Λ as a Construction C coordinate-array packing, or simply a coordinate-array packing. It is not difficult to see that
where
It is well known (and trivial) that if n ≥ 4µ(Λ), then the density of Λ can be doubled by adjoining to it the translate Λ = ( 1 / 2 , · · · , 1 / 2 )+Λ. Indeed, for any α ∈ Λ and β ∈ Λ , we have α − β
, where · denotes the Euclidean norm. Thus the union Λ∪Λ has the same packing radius ρ as Λ, and contains twice as many points. This simple density-doubling technique is used, for example (cf. [5, p.119] ), in constructing the Gosset lattice E 8 from two copies of the checkerboard lattice D 8 with µ(D 8 ) = 2.
We now show that under certain conditions the density of a coordinate-array packing Λ = C 0 + · · · + 2 m−1 C m−1 + 2 m Z n can be doubled, or at least increased, even if n < 4µ(Λ). First, assume that all the codewords of the code C 1 have even Hamming weight, and define C * ⊥ . Now, consider two n-dimensional packings J e = 2Λ and J o , given by
where, with a slight abuse of notation, we have used 0, 1 to denote the codes {0},{1} ⊂ F n 2 . Let J = J e ∪ J o . We have the following theorem, which is similar to Theorem 1 of [24] and includes it as a special case.
Theorem 1.
For n ≥ 4µ(Λ) − 8, the center density of J is given by
and if C 0 ∩ C * 0 = ∅, in particular if C 0 and C * 0 are linear, equality holds in (6). Proof. It is obvious by construction that
It is also obvious that µ(J e ) = 4µ(Λ) and
We now show that for any α ∈ J e and β ∈ J o , we have
Let a, a ∈ F n 2 denote the 2's and 4's rows, respectively, in the coordinate array of α, and let b, b ∈ F n 2 be the corresponding rows in the coordinate array of β. We have
Observe that all the coordinates of ξ are odd integers, and therefore α − β 2 = ξ 2 ≥ n. Furthermore, if ξ i = ±1 for at least one i, then ξ 2 ≥ n + 8. Hence assume to the contrary that ξ = (±1, . . . , ±1), and consider the coordinate arrays of α and β = α + ξ. It can be readily verified (cf. [24, p.122] ) that, in this case, the 4's row of β is obtained from the 4's row of α by complementing it at those positions where a i = 0 and b i = 1. Since (ā, b) = 0, the number of such positions must be even. This is a contradiction, as a and b have different parities by construction. This establishes (8) and implies that
If n + 8 ≥ 4µ(Λ), then the minimum in (9) is attained at µ(J e ) = 4µ(Λ) and (9) holds with equality. Combining this with (7) establishes (5). If n + 8 < 4µ(Λ), then the minimum in (9) is attained at n + 8, which establishes (6). Finally, if C 0 ∩ C * 0 = ∅, we can take α = 2a + 4a + 8a + · · · ∈ J e with a ∈ C 0 ∩ C * 0 and a 1 = 1, where we assume w.l.o.g. that not all the codewords of C 1 have a zero in the first position. Then for ξ = (−3, 1, 1, . . . , 1), we have β = α + ξ ∈ J o , and both (9) and (6) hold with equality.
The union J of J e and J o in (4) is, in general, a nonlattice packing. However, if Λ is a lattice and the code C 0 is self-complementary and self-orthogonal, then the construction of (4), with C * 0 = C 0 , is essentially equivalent to taking the union of 2Λ and (−3, 1, 1 with µ(H 24 ) = 8 and δ(H 24 ) = 1/2. It is well known that the code C 0 = C 24 is self-complementary and self-dual, and hence we can take C * 0 = C 0 = C 24 . The construction of (4) then produces the lattice
Since in this case n = 4µ(H 24 ) − 8 and M * 0 = M 0 , the center density of J 24 is 2δ(H 24 ) = 1 by Theorem 1. This is, of course, the famous Leech lattice, first discovered in [16] . Example 2 demonstrates that the construction of [24] is a special case of Theorem 1. In the next section, we show that Theorem 1 also gives rise to several other sphere packings that are denser than any previously known packing.
3. New sphere packings in dimensions n ≤ 31
In this section, we apply Theorem 1 in dimensions n = 25, 26, . . . , 31 and compare the densities of the resulting packings to that of the laminated lattices [5, pp.157-180 ], Bacher lattices [1] , and Quebbemann [21] lattices in the corresponding dimensions.
We let Ω 25 , Ω 26 , . . . , Ω 31 denote the densest known coordinate-array packings in dimensions n = 25, 26, . . . , 31, respectively. All these packings have the structure
where E n is the (n, n−1, 2) even-weight code, and C 0 is (the complement of) a binary code of length n and minimum distance d 0 = 8, with the largest known number of codewords. The parameters of these packings are summarized in Table 1 . In each case, µ(Ω n ) = 8 and n ≥ 4µ(Ω n ) − 8 = 24, so that equation (5) of Theorem 1 applies. We shall see that the density of all but one of these packings can be doubled using the construction of (4), and the density of Ω 31 can be increased 2 by a factor of 3/2. , 8) , respectively. These codes may be obtained straightforwardly from the (24, 12, 8) Golay code C 24 by appending one or two zeros to each codeword. Since C 24 is self-dual, it is obvious that C 25 and C 26 are self-orthogonal. Thus, in the construction of (4), we can take C 0 = 1 + C n and C * 0 = C n for n = 25, 26. By Theorem 1, this doubles the density of Ω 25 and Ω 26 . The resulting packings J 25 and J 26 have center densities √ 2/2 and 1/2. Notably, J 25 is just a translate of the laminated lattice Λ 25 by the vector (0, 0, . . . , 2).
Dimensions 27, 28, and 29. Here C 28 is the (28, 14, 8) double-circulant code, discovered by Karlin [13] . The generator matrix of C 28 has the form
where A denotes a 13 × 13 circulant matrix with first row a = (a 0 , a 1 , . . . , a 12 ) = (010110001101). The nonzeros in a correspond to the nonzero quadratic residues modulo 13; the remaining rows of A are cyclic shifts of a. Note that A is a symmetric matrix, and hence so is B.
It is easy to see that C 28 is self-complementary, but not self-orthogonal. The dual code C doubles the density of Ω 27 and produces the nonlattice packing J 27 with center density √ 2/2. This is denser than the best previously known packing Λ 27 whose center density is 1/2. Table 1 . We note that there exist several inequivalent codes with the same parameters as C 25 , C 26 , . . . , C 31 . For instance, codes with the same parameters as C 29 , C 30 , C 31 can be obtained by shortening the (32, 17, 8) code found by Cheng and Sloane [5, p.235] . It is likely, therefore, that there exist other inequivalent sphere packings with the same density as J 25 , J 26 , . . . , J 31 . However, the double-circulant constructions, employed in this section, seem to be the most convenient for our purposes.
New sphere packings in dimensions n ≤ 63
We now examine density doubling in higher dimensions. As we shall see, the construction of (4) produces dense sphere packings when the dimension n is just below 2 6 = 64, in particular for n = 55, 56, . . . , 63. As before, we let Ω n denote the densest known coordinate array packing in dimension n. For n = 49, 50, . . . , 63, all these packings have the structure
where H n is the (n, n−7, 4) code obtained by shortening the (64, 57, 4) extended Hamming code [20, p.23] , and C 0 is (the complement of) the best known [n, M, 16] binary code, denoted C n . Referring to the table of [19] , we see that all of C 49 , . . . , C 63 are again linear (n, k, 16) codes.
Dimensions 57, 58, ... , 63. Here C 63 is the (63, 27, 16) primitive cyclic code, discovered by Kasami and Tokura [14] , with zeros at α 0 , α
, where α is a primitive element of F 64 . For the theory of cyclic codes, see [20, pp.188-255] . The dual code C ⊥ 63 has zeros at α 1 , α 3 , α 5 , α 9 , α 11 and therefore contains C 63 as a subcode. We conclude that C 63 is self-orthogonal, although it is obviously not self-complementary. The codes C 57 , C 58 , . . . , C 62 with parameters (n, n−36, 16) can be obtained by shortening C 63 . Clearly, all these codes are self-orthogonal, and none of them is self-complementary.
It is now easy to see that for n = 57, 58, . . . , 63, we have µ(Ω n ) = 16 and (5) of Theorem 1 applies. Hence the construction of (4) with C 0 = 1 + C n and C * 0 = C n doubles the density of Ω n and produces the sphere packing J n with center density 2 n−42 . In particular, for n = 60 we have δ(J 60 ) = 2 18 . This is denser than the previous record in R 60 reported in [5, where G is a generator matrix for C 55 . Since C 55 is self-orthogonal and contains only even-weight codewords, it follows that C 56 is self-orthogonal and selfcomplementary. For n = 56 we have µ(Ω 56 ) − 8 = n, so that equation (5) still applies. Thus, setting C 0 = C * 0 = C 56 in the construction of (4) produces a packing with center density δ(J 56 ) = 2δ(Ω 56 ) = 2 15 . For n = 55, we have δ(Ω 55 ) = 2 13 . However, the density of Ω 55 can no longer be doubled, although it can be increased. Setting C 0 = 1 + C 55 and C * 0 = C 55 in the construction of (4), and using equation (6) of Theorem 1, we obtain the sphere packing J 55 with center density (63/64) 27.5 2 14 > 2 13 . (It is easy to see that (6) holds with equality in this case. For instance, consider (2, 2, . . . , 2) ∈ J e and (5, 1, . . . , 1) ∈ J o .) Neither J 56 nor J 55 is as dense as as the Elkies-Shioda [8, 23] lattice in 56 dimensions, or as the packings obtained by laminating the Elkies lattice E 54 [10] .
The construction of (4) does not appear to be useful for dimensions n < 55. For instance, for n = 54, we have 10 . This phenomenon may be attributed to the fact that the natural choice of parameters in the coordinate-array construction of (1) is such that µ(Λ) is a power of 2 (see the remark following (3) and [5, p.150] ).
Thus, we see that in general the construction of (4) would be most successful when n + 8 is close to a power of 2, with the cases n = 18, 20 being notable exceptions [4, 24] . On the other hand, as the dimension n grows the coordinatearray construction (1) itself becomes increasingly less attractive. For example, the best known coordinate-array packing in 128 dimensions has center density 2 84 , whereas the Elkies [8] lattice E 128 has center density 2 97.40.. . Thus, it is not clear whether it would be worthwhile to straightforwardly pursue the ideas of (4) for n = 120, 121, . . . , 127, for instance.
One promising way to extend our approach to higher dimensions would be to generalize the construction of (4) to (non-binary) partitions over the Eisenstein, Hurwitz, and Cayley integer rings. It is clear that coordinate-arrays can be defined modulo any prime, and the notation of (1) extends in the obvious way. For instance, φ = 1 + i is a prime in the ring H of Hurwitz quaternionic integers, and the quaternionic version of the so-called quarter-Leech lattice may be constructed as
where H 6 is the (6, 3, 4) quaternary hexacode [5, p.301] and S 6 is the (6, 5, 2) zerosum code over F 4 . It can be easily shown that the density of Q 24 can be quadrupled, in a manner similar to (4), to produce the Leech lattice Λ 24 . In general, it is possible to show that the density of a quaternionic packing of the type Λ = C 0 + φS n + φ 2 H n can be quadrupled provided C 0 is self-orthogonal under the Hermitian inner product in F 4 and contains only even-weight codewords. A similar construction produces the quaternionic version of the packing J 20 (cf. [24] ). These ideas may lead to further improvements on the best known density of sphere packings in R n .
Table of densest known sphere packings
A table of the densest known sphere packings in R n for the first 24 dimensions may be found in Conway and Sloane [5, p.15] ; it is extended in a graphical form up to n ≤ 48 in Figure 1 .5 of [5, p.14] .
However, with the recent results of [24] , [6] , [10] , [4] and those obtained herein, the table of [5] is now out of date for 13 out of the 48 dimensions, namely for n = 18, 20, 22, 27, 28, 29, 30, 33, 34, 44, 45, 46, 47.
We therefore believe that it would be useful to have an updated table of the densest known sphere packings in dimensions n ≤ 48 available in the literature. Such a table is presented below. The center density of the laminated lattices is also shown in our table. 
